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Abstract. In this paper, we study the weighted compositon operators on weighted 
Bergman spaces of bounded symmetric domains. The necessary and sufficient condi- 
tions for a weighted composition operator W(p_Y to be bounded and compact are studied 
by using the Carleson measure techniques. In the last section, we study the Schatten 
p-class weighted composition operators. 
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1. Introduction 

Let Q.he a bounded symmetric domain in C" with Bergman kernel K{z, (o). We assume 
that Q. is in its standard representation and the volume measure dV of fi is normalised so 
that K{z,0) = K{0, Co), for all z and CO in £2. By Theorem 5.7 of fTTl and using the polar 
coordinates representation, there exists a positive number such that for /I < En, we 
have 



Q= [ K{z,z)^dV{z)<-o. 
Jn 



For each X < en, define dVi{z) = C^^K{z,z)''dV{z). Then {dVx} defines a weighted 
family of probability measures on £1. Also, throughout the paper A < en is fixed. We 
define the weighted Bergman spaces A'^{Q.,dVi), on £2, as the set of all holomorphic 
functions / on £2 so that 

1 

|/rdy;t )" 

Note that A^(£2,dy;L) is a closed subspace of L'^(£2,dy;L)- For A = 0,Al{Q.,dVi) is just 
the usual Bergman space. For p = 2, there is an orthogonal projectionf;^ fmmL^{Q.,dVx) 



n 



onto (£2, dV^ ) given by 



Pxf{z)= / Kxiz,co)f{co)dVx{co), 
Ja 

where Kx{z,0)) = A'(z, co)'"'^ is the reproducing kernel for A? (£2, dV;;^). 
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Suppose, (p, are holomorphic mappings defined on H such that <p{£l) C i2. Then the 
weighted composition operator W(f,,x^t is defined as 

= ¥{z)f{(p{z)), for all / holomorphic in i2, andz e il. 

For the study of weighted composition operators one can refer to II4I6I13I15I and refer- 
ences therein. Recently, Smith ||T6l has made a nice connection between the Brennan's 
conjecture and weighted composition operators. He has shown that Brennan's conjecture 
is equivalent to the existence of self-maps of unit disk that make certain weighted compo- 
sition operators compact. 

We know that the bounded symmetric domain Q. in its standard representation 
with normalised volume measure, the kernel function K{-,-) has the following special 
properties: 

(1) K{0,a) = 1 ^K{a,Q). _ 

(2) K{z, fl) ^ (for all z in i2 and a in £2). 

(3) lim„^an^(fl,«) _ 

(4) K{z,a)^^ is a smooth function on C" x C". Here £1 denotes the closure of £1 in C" 
and do. is the topological boundary, see IS) and iflOi for details. 

For any a in £2, let 

K{z,a) 



kaiz) = 



^K{a,a) 



The k'^s are called normalised reproducing kernels for A^{Q.,dV). They are unit vectors 
in A^(n,dy). Moreover, k^^^ is a unit vector ofA^ (£2, dV;;^) for any a in £2. 

Let /X be a finite complex Borel measure on £2. Then the Berezin transform of measure 
jj., denoted by fix , is defined as 

Mz)^ ( k.(a))|2(>-^)dM(a)), ze£2. 
in 

We will denote by /3 (z, (o) the Bergman distance function on £2. For z S £2 and r > 0, let 

£(z,r) = {o) e£2: j3(z,a)) < r}. 
We denote by \E{z, r) \ the normalised volume of E{z^ r), that is, 



\E{z,r)\^ dVim). 

JE(z,r) 

Given a finite complex Borel measure n on £2, we define a function fir on £2 by 



\E{z,r)\ 



Theorem 1.1 lIlTl . Take \ <p <°°. Let jj. be a finite positive Borel measure on £2. Then 
the following conditions are equivalent: 

(1) The inclusion map i: A'^{Q,,dVx) L''{Q,,dVi) is bounded. 

(2) The Berezin transform fii is bounded. 
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(3) jXr is bounded on Hfor all (or some) r > 0. 

(4) {/!,■(«„)} is a bounded sequence, where {«„} is some bounded sequence in £1 inde- 
pendent of pi. 

A positive Borel measure /i satisfying any one of the conditions of Theorem 1 . 1 is called 
a Carleson measure on the weighted Bergman space dV^^ ) 

Theorem 1.2 |17|. Take I < p < °°. Let pi be a finite positive Borel measure on H. Then 
the following conditions are equivalent: 

(1) The inclusion map i: A''^{^,dVi) —^ L''{^,dVi) is compact. 

(2) The Berezin transform fli (z) —^ as z dQ,. 

(3) p-riz) as z do, for all (or some) r > 0. 

(4) fLr{a„) as n °o. 

A positive Borel measure jj. satisfying any one of the conditions of Theorem 1 .2 is called 
a vanishing Carleson measure on the weighted Bergman space (ii, dV^ ) . 
A positive compact operator T on A^ {Q., dV;^ ) is in the trace class if 

tr(r)= £(re„,e„) <- 

for some (or all) orthonormal basis {e„} of A^(i2,dV;L). 

Take I < p <°°, and T be a compact linear operator onAj^{Q.,dVx). Then we say that 
T belongs to the Schatten p-class Sp if (T*T)p^^ is in the trace class. Also, the Sp norm 
of T is given as 

\\T\\s„ = MiT*T)P/Y^'- 

Moreover, Sp is a two-sided ideal of the full algebra B(Aj^{Q.,dV;^^ j) of bounded linear 
operators on A^ (H, dVi ) . 

2. Preliminaries 

To make the paper self-contained we state the following lemmas. 

Lemma 2.1. L12J. The Bergman kernel K{z, 0)) is conjugate symmetric. That is, 

K{z,co)^K{co,zy, 
and it is the function ofz in A^ (Q,,dVi). 

Lemma 2.2. ||T71 . Let T be a trace class operator or a positive operator on A^ {Q,,dVi). 
Then 

ti-(r)= / {TK^-\K^-%,da{z), 
where da{z) = K{z,z)dV{z). 
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Lemma 2.3. |9|. Let D,be a bounded symmetric domain in C" and let W(p^\j/ be a weighted 
composition operator on (i2, dVx ) ■ Then 

WW* II , - |w,)|[:^M£)i^"^ 

Lemma 2.4. 1 1 1. Suppose T is a positive operator on a Hilbert space H and x is a unit 
vector in H. Then 



(1) {TPx,x) > {Tx,x)P for all p>l. 

(2) {TPx,x) < {Tx,x)P for all < p < 1. 



Lemma 2.5. {Theorem 18.1 1(/), p. 89 of\5}). Suppose T is a bounded linear operator on 
a Hilbert space H.IfTCzSp, then 

tr(|r|'0 ^trdr*!"). 

Lemma 2.6. II17I . Take I < p < °°. Suppose jj, >Q is a finite Borel measure on £2. Then 
jX is a Carleson measure on A^^{Q,,dyx) if and only if ^{E{z,r))/\E{z,r)\^^^ is bounded 
on £1 (as a function of z) for all (or some) r > 0. Moreover, the following quantities are 
equivalent for any fixed r > and p > I: 

and 

Lemma 2.7. ||2|- For any r > 0, there exists a constant C {depending only on r) such that 

< \E{a,r)\\ka{z)\' < C, 

for all a E Q, and z G E{a,r). 

Note that if we take z — a in the above estimate, then we get 

C"' < \E{a,r)\K{a,a) < C, 

for all a £ Q,. 

Lemma 2.8. |l2l . For any r >0,s >0,R > 0, there exists a constant C {depending on r,s,R) 
such that 

, \E(a,r)\ 
- |£(fl,.)| - 

for all a,b in £2 with /3 {a,b) < R. 

Lemma 2.9. 111. For any r > 0, there exists a sequence {a„} in Q, satisfying the following 
two conditions: 
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(1) i2 = U:=i£(fl„,r); 

(2) There is a positive integer N such that each point z in Q. belongs to at most N of the 
sets E{a„,2r). 

Lemma 2.10. [:3|. For any r > and p > I, there exists a constant C (depending only on 
r) such that 

\f{ar<-^f \fizWdV{z), 
\E[a,r)\ JE{a,r) 

for all f holomorphic and a in fi. 



3. Bounded and compact weighted composition operators 

By using Q, we can prove the following lemma. 

Lemma 3.1. Take \ < p <°°. Let Q, be a bounded symmetric domain in C", and A < Eq. 
Suppose (p,\j/ be holomorphic functions defined on fi such that (p(n) C fi. Also, sup- 
pose that the weighted composition operator is bounded on A'^{Q,,dVx). Then 
W(p^y/ is compact on A'^{^,dVx) if and only if for any norm bounded sequence {/«} 
in A^(n,dV;i) such that /« ^ uniformly on compact subsets of Q,, then we have 

\\w^,vfn\\A';^^o. 

Lemma 3.2. Suppose {/„} is a sequence in A'^{Q.,dV^) such that f„ — > weakly in 
A^{Q,,dVx). Then {/„} is a norm bounded sequence and /„ — > uniformly on each 
compact subsets ofQ.. 

Let ^ be a holomorphic function defined on £1 such that <p{£l) C £2. Suppose 
V/ e {Q.,dVx) and A < En- Then the nonnegative measure ^(p,\i/,p is defined as 

J<p-'{E) 

where £ is a measurable subset of fi. 

Using Lemma 2.1 of |4|, we can prove the following result. 

Lemma 3.3. Take I < p < °°. Let D, be a bounded symmetric domain in C", and A < Eq. 
Let (p be a holomorphic mapping from Q. into Q. and G (£2, dV;^ ) . Then 

j^gdii^^^^p = \\i/\P{go(p)dVi, 
where g is an arbitrary measurable positive function on £2. 

Theorem 3.4 . Take 1 < p <oo. Let D,be a bounded symmetric domain in C" , and A < . 
Suppose (p,\l/ are holomorphic functions defined on £2 such that (pifl) C £2. Then the 
weighted composition operatorW(p^\f, is bounded on A'^ (£2,dy;^) if and only if the measure 
IJ-<p.<l/ p Carleson measure. 
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Proof. Suppose W,p_ is bounded on {Q,,AVx ) ■ Then there exists a constant M > such 
that 

||W.p,V./IU^<M||/|U., 

Take 

2(1-A) 

g{(0)= %{(0)\ P . 

From Lemma 2.1 and using the fact that K{(>),z) 7^ for any z and © in £1, we get that 
g&AP^{Q.,6yx). Thus, we have 

/ 1^,(0)) p(i-^)dM.p,v.,p(to)= / \g{(0)\PAii^,^,p{(0) 
Jn Jn. 

< [ McoWlgicpicoWdVxico) 
Jn 

= \\Wcp,y,gr^P< 00. 

By Lemma 2.7, there exists a constant C > (depending only on r) such that 

<C [ |/c,(aj)|2(i-^)dM,p,v'.p(«)<°°' 

■'E{z,r) 

for any z S H. 

Thus, by using Lemma 2.6, we get that IJ.(p,\i/,p is a Carleson measure on A^(n,dyj\,). 
Conversely, suppose Mip.ViP ^ Carleson measure on A^{Q,,dVx)- Then by Theo- 
rem 1.1, there exists a constant M > such that 



Jjf{z)\''dH^,r,Az)< MP\\f\\l 



forall/eA^(n,dyx). 

Hence, using Lennma 3.3, we have 

= / \w{z)mf{z)rdv,{z) 

= [ \f{(0)\Pd^l^,yr,p{(0) 

Jn 

<MP I |/(C0)|''dy;i(C0)<oo, 

Jn 

forall/eA^(n,dy;L)- 

Hence, W,p.i^ is abounded operator on A^(i2,dy;t). 

Theorem 3.5. Take 1 < p <°°. Let ^ be abounded symmetric domain inC" and X <Sa- 
Suppose (p, xj/ are holomorphic functions defined on CI such that (p{Q.) C CI. Then the 
weighted composition operator W^_xi/ is compact on A^{Cl,dVx) ifandonly if the measure 
Mcp.v.p is <^ vanishing Carleson measure. 
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Proof. Suppose is compact onA^(n,dVx). Since, kl~^ — > Oweakly inA^{Q.,dV\) 
as z — > dCl, by Lemmas 3.1 and 3.2, we have 

ll^'P.v^z'^IUj ^ as z ^ ail. (3.1) 

Again, by using Lemma 2.7, we get a constant C > (depending only on r) such that 

<C [ |^,(co)p(i-^)dM.p.v.,p(«) 

JE{z,r) 

<C [ |v/(aj)|2|^,((p(co))|2(i-^)dM^,,v/,p(«) 

JEU,r) 



<c||w,p,^fei-^IU2. 



Thus, condition (3.1) implies that Mip,v,p is a vanishing Carleson measure on A^(i2,dy;(,). 

Conversely, suppose that li<f),\jf,p is a vanishing Carleson measure on [Q., dVx ) ■ Then, 
by Theorem 1.2, we have 

li-^TT4r?#=0 (3.2) 

for all (or some) r > 0. 

So, from Theorem 3.4, we conclude that Wq, ^f is bounded on A^j^{Q,,6Vx)- We will 
prove that Wtp^j/ is a compact operator. 

Let {/„} be a sequence in A^(n,dy;t) and fn^O weakly. By Lemma 3.2, /„ is a norm 
bounded sequence and /« — > uniformly on each compact subsets of CI. 

By Lenmias 2.7 and 2.10, there exists a constant C > (depending only on r) such that 

ccx f dy;t(co) 



E{z,r)\JE(z,r)'-" " |£(»,r)|-^ 

for all z e where the last inequality is obtained by using Leimna 2.8. By combining the 
above inequahty with Lemma 2.8, we get 

sM\m\"- z e Eia,r)} < sup( ^\ [ \fi(ordVx{(o):zeE{a,r)] 

< I i/(a>)Ry,(a)), 

\E{a,r)y ^ JE(a,2r) 
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where Ci and C2 are constants depending only on A and r. Hence, we have 

\\w,pMa'; = [ \vizW\fn{9izWdv,{co) 

^ Jn 

= I \fn{(0)\Pd^>(,,^|,,p 

Jn 

i=l-'E(ai,r) 

< LM?',v,p((S(«i,'-))sup{|/„(a))|'': (oeE{ai,r)} 



(=1 



where the sequence {a„} is the same as in Lemma 2.9. 
From condition (3.2), for every e > 0, there exists a5>0 (0<5<1) such that 



m,r)\ 



i-X 



whenever d(z,<3n) < 5. 
Take 

£li = {(o&D.\d{z,dO.)>5, J3(z,a))<r}. 
Then, i2i is a compact subset of i2 (as < 2r < |). Thus, we have 

Ja Jn 

l^(p,xi,,p{{E{ai,r)) 



d{a,dn)<S 



<civ £ / |/„(«)|''dy;t(co) 

d(a,5£2)>5'^^(''''2'-) 

+ I /, l/«(®)rdy,(a)) 

<civ/5: / !/„(£») |fdy;i(£»)+ce^: / !/„(©) |''dy;t(£»), 

Jn Jn 
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where the constant is the same as in Lemma 2.9. Since, /„ is a norm bounded sequence 
and /„ converges to zero uniformly on compact subsets of £2, we have ||W,p,v//ji|U/' 
as « — > oo. 

The following theorem follows by combining Theorems 1.1, 1.2, 3.4 and 3.5. 

Theorem 3.6. Take \ < p <°° and let A < En- Suppose (p,\j/ be holomorphic functions 
defined on f2 such that (p(fi) C £2. Then 

(1) The weighted composition operator W^p^ij, is bounded on A'^(il,dVi) if and only if 

sup / |^,(«)|2(i-^)dMv,v,,p(a))<-. 

(2) The weighted composition operator is compact on {H^AVx) if and only if 

lim / 1^,(0)) |2('-^)dAl^,^.p(a))=0. 
zedajQ. 

4. Schatten class weighted composition operators 

Theorem 4.1 . Take I < p <°o and let X < £q. Suppose (p, are holomorphic functions 
definedon Q, such that (p{Q.) C Q,. Let W(p.^ be compact on A^^ {Q,,AVx)- Then W(p,|/ S Sp if 
and only if the Berezin symbol of measure li(p^\f/^p belongs to L''''^(£2,do'), where dG{z) = 
K{z,z)dV{z). 

Proof. For any /, g G (£2, dVi ) , we have 

- / f{(piz))8Wiz))\v{z)\^dV;,{z) 
Ja 

^ ^/(«)^(o))|v/(z)pdM,p,v.,p(«). 

Consider the Toeplitz operator 

Tii^.vJiz) = jj{(o)Kx{z,co) d^<p,^,,,(a)). 
Then, by using Fubini's theorem, we have 

{Tpi^,vJ,8)A^, = / I f((^)Ki{z,(o)d^i^,^,p{(o)J{zjdVi{z) 

= Jjico)Jjiz)Kxico,z)dVxiz) d^i^,^,p{co) 

= J^fi(o)g{co)dn^,^,p{co). 

Thus, 7)i^i^p = {W(p^y)*{W(i,,xi,). Also, by definition an operator T E Sp if and only 
if {t*tyI^ is in the trace class, and this is equivalent to saying that T*T G ^p/i 
(Lemma 1.4.6, p. 18 of HI). Thus W^,^ e Sp if and only if T^^ ^,, e 5p/2. Again, by 
Theorem C of ifTTll . T^^ E Sp/2 if and only if the Berezin symbol of the measure IJ.<p,\i/,p 
belongs to (£2, da). 
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Theorem 4.2. Take 2 < p < oo and let A < fin. Take W(p^Y weighted composition 
operator on A^{Q,,dVx)- IfWfp^y, e Sp, then 

[ \¥{z)\ 
Ja 

where da{z) = K{z,z)dV{z)- 
Proof. By using Lemmas 2.2-2.5, we get 

tr(|W^,^|'^) =tr(|w;^rO =tr(|W.p,V,W;^|)''/2 

= lm^,wKwr^'ki-\ki-X2da{z) 

JQ. ^ 

- JjiW<P,y^%,w)kl-\kl-%^da{z) 

= Jjw;,^ki-'r^fo{z) 

Ja 

Theorem 4.3. Take <p <2 and let A < Eq,. Take W(p^Y weighted composition oper- 
ator W^f^xf, on A\ {D.,dVx)- If 

I \W{Z)\ 
Ja 

where do{z) = K{z,z)dV{z), then W,p^xf, G Sp. 
Proof. By using Lemmas 2.2-2.5, we get 

H\W^,r,n = ljiW^,wKwr^'kl-\kl-\2da{z) 

> Jjiw^,vw;^^)kl-\kl-Xj,^da{z) 

= /jWl^ki-'W^^daiz) 

= I \¥iz)\ 
Ja 

Thus, Wtp^xi, e Sp. 



K{(p{z)Mz)) 



K{z,z) 



da{z) < oo, 



K{(p{z)Mz)) 
K(z,z) 



da{z). 



K{(p{z)Mz)) 



K(z,z) 



do{z) < °°, 



K{c?{z)Mz)) 
K(z,z) 



da{z) < oo. 
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